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Background

The Hamiltonian of is
H = H, + Hg; + Hy
H, = QgS, + 1,
Hy=d(S-7-3(5- #)(1-7))

Hyp = 2Q, cos wt Sy = (S, (et + e~it)

t= ()"

We assume the effective hyperfine coupling take this form:
Hg; = AS,I, + BS,I,
To be more concrete, if we write down the complete Hg;
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By setting ¢ =0
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Hg =d ((1 — 35sin? 0)S, I, — Esin 20 Syl, + Sy, — Esin 260 S,I, + (1 — 3 cos? H)SZIZ>
If there is no Sy or Sy, i.e. to electron polarization always on S, then,
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Hg =d (— >sin26 Sl + (1 - 3 cos® 9)5212> = AS,I, + BS,I,
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Notices that the y-component is cancelled when we set ¢ = 0, since the (f V) r%, which mean is the

directional derivative along y-axis is zero when setting r;, = 0, i.e. T3 = 0. Or to say, the y-component

of the derivative along the z-direction from I spin is zero.

Density Matrix and Polarization
The density matrix is defined by the state ket

p = |x)Xxl

Where

0= amlmy)

For spin half system
) = a4l +) +a-| -)

|a+|2 a+a*_>

p = lay 2] )H] + apat | +)—] + ata| =)+| + la_]?| =)~ = ( ! ,
aja_ la_|



The density matrix can be decomposed into operator,

ClaglP+la ] lagl? —la_|?
2 2

o, +a,ao, +aja_o_

Where ¢ are Pauli’s spin matrix.
The total population and the normalization condition require
Tr(p) =1

the trace of a matrix is independence of unitary transform. Therefore, the trace is the same for any
coordinate system. Since this property, the trace also called characteristic of a matrix.

Unitary transform matrix has property:
utt=u"
The transformation of density matrix follows the transformation of the state ket, thus,
p'=UpU?

by equality

TT(ABC) = EAiijkai = EBjkaiAi]' = TT'(BCA)
ijk Jki

Tr(p") = Tr(UpU™") = Tr(pU~'U) = Tr(p)

The trace of density matrix keeps unchanged. Especially, when the density matrix is commuted with the
unitary operator, the density matrix is unchanged. i.e.

pxlI,S,
The equation of motion of the density matrix is:
% = —ilH,p]
dtp - THEP

For time-independent Hamiltonian, the solution is

p(6) = e~ p(0)e

and the polarization is

P(t) = Tr(S,p(t))
P () = Tr(Lp(®))



Interaction Picture

To solve this Hamiltonian and find the transition condition, we can use a transform similar to the
interaction picture.

Recall the interaction picture:
H=H,+V(t)

where H, is time independent and V (t) is the time-dependent part. Using transform:

U = eiHOt
the ket will be transformed as:
[Y:) = Uly)
the corresponding Hamiltonian is by the Schrodinger equation:
dlypy) dU dly) . N
dtl = W)+ U— == iHoly:) — WWHU Hapi)

UHU™' = Hy +V;

dly)
1t = —iVi|y;)

H,=V,=UvUu!

for other operator Q = Y|q;)q:{(q;|, since the ket are transformed in same say, thus, the operator in
interaction picture is:

Qi =UQU™
since Hy is a hermitian operator, thus the transform is unitary.

Notice that this transform is valid for time-independent Hamiltonian.

Titled Rotating truncate frame

The Hamiltonian in lab frame is:
H = QgS, + QlI, + AS,I, + BS,I, + Q,S,(e't + e~i0t)
The rotating frame operator is
Up = e~ iS00t

The rotating frame Hamiltonian is:



Hgp = URHUR! + wS,

After a change in rotation frame along with the oscillating frame, the high frequency term will be
truncated. The Hamiltonian becomes a constant.

Hp = (25 + w)S, + 0,8, + QI + AS,1, + BS,I,

The titled operator is

U[ — eiQSy
Where
Q
tanf = =
‘QS + w
Then,
UrS,U7l = cosf S, —sinf S,
UrS, U7l =sin@ S, + cosh S,
Then,
025 + w)S; + Sy = QepfS;
AS,I, + BS,I, - Acos8S,1, —Asinf S,I, + BcosO S,I, — Bsin0 S,I,
Substitute
Sy + S
2
L+
2

HI = AS,I, + BS,I,

A
=Acos0S,I, — Esin 0 (S, +S)I,
B
+ - €os 0S,(I, +1_.)
B B
—ZSil’l 6 (S+I_ + S_I+) - ZSil’l 9 (S+I+ + S_I_)
Hr = QprS, + Qul, + Hfs

The titled rotated truncated hyper-fine Hamiltonian is the reason for spin transfer.



Interaction picture

In order to see the effect of each term, we have to do 1 more transform:
Uy = efi(Q(,ffszm,zz)c — o 1QefrSot p=ilst

This time-dependence transform will change the Hamiltonian to

d .
a |¢)H = —lV|1/J)H
V = Uy(H)UZ?

For spin-half particle,

. Q Q
e~ iQerrSat — Cos( esz t) E +2i sin( ‘;ff t) S,

. Q Q
e It — og (71 t) E + 2isin (71 t) I,

And by

Thus,
UyS,1,Uzt = S,1,
UpS 1 Ut = S 1 ettut
UuSilUgt = Sy l,e*!erst
UpSel Upt = Silieii(ﬂl+ﬂeff)t
UpSylzUpt = Sylzeti(Qerr-n)t
In order to make V = UH(H};)Ugl be time independent, so that the density matrix can be computed by
p(t) = e Vtpyeivt
And the spin transfer, which mean the term,
B
~2 sin@ (S,I_+ S,1.)

Survive and not truncated by high frequency, We can choose w and {,, such that,

Qerr =



Or

Which is the Hartmann — Hahn condition. And the Hamiltonian
B
V =Acos8S,I, — Zsin 0 (S, I_+S_1,)

Notices that, the spin flip operator are sine function, that corresponding to the spin flip rate, as the
Hamiltonian are related the time propagator. In the basis of |mg, m;)
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A summary

we made 3 unitary transforms:
Ur,Ur, Uy

After every time-dependent unitary transform, the high frequency terms were truncated.
The polarization in lab frame is

P, = Tr(25,p)

P, = Tr(21,p)
The operator p, S, and I, also have to transform too

S, =S, —>cosfS,—sinf S, - cosfS,—sinb (Sx cos(Qefft) -5, sin(Qefft)) - cosf S,
I > 1, > 1,
and for the special case, 8 = g,
S,—>0

Thus, we see that, only the component of the electron polarization will take part in the spin transfer.

The transformation of density matrix, in general form of initial polarization P, = P,q and P; = Pjq along
z-axis, and no polarization along transverse axis, in the basis |mg, m;), takes the form:



_liqfeg B0y b pes,
Po 4 2 z 2 z e0t10Vzlz

Thus, after the transforms:
1 Peo Pro
Po = 2 1+ TCOS 0S, + 712 + P,oPjgcos 8 S,1,
the dynamic of the density matrix in interaction picture is:

p=e Wty et

Thus, the polarization is:

(1 P P .
P, = 2Tr(S,p) = 2Tr (cos 0S, e Wt (Z 1+ %Ocos 0S,+ %IZ + PPy cos 0 S,1, ) e‘Vt>

/1 P P .
P, = 2Tr(S,p) = 2Tr (IZ eVt (Z 1+ %Ocos S, + %IZ + PPy cos 0 S,1, )el”)
The result is

. . (B (B
P, = P,y cos? 0 cos? (Z sin 6 t) + Py cos 6 sin? (Z sin 0 t)
. (B . (B
P; = P,y cos 6 sin? (Z sin @ t) + Py, cos? (Z sin 8 t)

We can see that, the larger the 6, the smaller the usable electron polarization, however, the smaller the
6, the longer time for polarization transfer.

And from the equation, the proton polarization is bounded by
P;(max) = P,y cos 6
If we compare the result to the direct computation with real data at rotating frame Hamiltonian:

Hp = (Qs + 0)S, + Q,S, + 1, + AS,I, + BS,I,
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The blue line is the electron polarization, which is 1 at initial, the red line is the proton polarization, 0 at
beginning. The yellow and green line are the smoothen electron and proton polarization, which is given
by the equations above.

Some Notes on Hartmann-Hahn Condition
The Hartmann-Hahn condition is :

Qs + w)? + Qu? = 0? 10 -

If we write the Larmor frequency in term of external
magnetic field, since the electron gyromagnetic ratio is
negative, so,

YoH — w)? + Qﬁ = ngz

There are 2 pictorial views of this equation.

Fixing Magnetic field
we draw a circle with radius y, H, thus, the solution for

the microwave power and frequency is related by

$10 -
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Q= J_r\/yszZ — (YeH — w)?

The x-axis is the size of (), and the y-axis is the size of (YeH — w). If we changing the power, and in

order to meet the condition, the angle

Qy Qy Qy

O +w yH-w ez o2
S w Ye w ngz_lel

And the cos 8, which is the factor that bounded the Maximum usable polarization in Solid effect is:

tan @ =

In the figure, we draw the red arrow as electron polarization, and the green arrow is the usable
polarization. Therefore, smaller the microwave power is better. However, as mentioned before, the
proton polarization is:

B B
P; = P, cos 0 sin? (Z sin 8 t) + P cos? (Z sin 8 t)

. Q . .
The time for polarization build up depends on sin 8 = —‘;I So, smaller angle results in longer time.

Y
- - - 6 —
Fixed microwave setting f
Another way to view the condition is by fixed the sk
microwave frequency and power. if we make the x- A
- . . . 4+
axis is the magnetic field, the y-axis is the effective :
rotation frequency. Recall, 3k
2 2 2
Y =Qerr = (YeH — w) + Q5 i
1
The minimum is Y, = €, the center of symmetry i ‘ ‘ ‘ ‘ ‘
isH = yﬁ There are 2 curves, one was shown in 0 2 4 6 8 10
e
above, and the other is
y= ypH

There are 2 solutions for the 2 curves intercept each other.
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Y, ) w?
H= y”l —+ —2—(1 —2>Q};
1-= Y 14 Y
Y
For
w=4y?—-19,~yQ,
where

y =" 660 » 1

Yp

For the smaller root, the value

So, the smaller root gives us a negative polarization and the
larger root gives us a positive polarization, with similar

magnitude. Thus, if the field sweep is crossing the 2 roots, there
will be no polarization. If we compare the root in the other
picture, the 2 circles for the 2 difference value of H is almost the same. And the angle of each is:

Q Q

tan 0, = K = ¢ ~ ¢
ToveH - 1 ) w? 1 ) w?
— &+ ——(1——)92 Yoty |2 -z
L\ v yz Y [yE T
2
Y
Q
tan6_ = ~ H
W w?
W _ |2 g2
72 14 7?2 I

So, the best way to deal with the fluctuation of magnetic field, we make the separation as large as
possible by setting,

w»y?-19,

We can do this by enlarge the frequency or by smaller the microwave power. in either case, the angle is
getting smaller.
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Integrated Solid Effect

To be continuous...



